ay + by + cy = 0.
(1)
It has the associated characteristic equation:
We will assume that b 2 − 4ac < 0 and thus that the roots of the characteristic equation are non-trivial complex numbers,
, and
We will refer to the real part of r 1 and r 2 as λ = −b/2a and the imaginary part of r 1 as µ = √ 4ac − b 2 /2a. Thus we can compactly express the roots as r 1 = λ + iµ and r 2 = λ − iµ where i = √ −1. The general form of the solution to equation (1) is
We will call the real part of the solution R(t) = e λt cos µt and the imaginary part of the solution I(t) = e λt sin µt. Now we want to check that R(t) and I(t) each solve the original ODE given in equation (1). Through use of the product rule for differentiation we see that
If we substitute these functions into equation (1) we obtain
Thus we see that the real part of the general solution solves the ordinary differential equation seen in equation (1). We can perform a similar analysis of I(t). Through use of the product rule for differentiation we see that I(t) = e λt sin µt I (t) = e λt (λ sin µt + µ cos µt)
Thus we see that the imaginary part of the general solution solves the ordinary differential equation seen in equation (1). Now we should check that the real part and the imaginary part are linearly independent solutions for −∞ < t < ∞. Consider the Wronskian,
= e λt cos µt e λt sin µt e λt (λ cos µt − µ sin µt e λt (λ sin µt + µ cos µt = e 2λt cos µt(λ sin µt + µ cos µt) − e 2λt sin µt(λ cos µt − µ sin µt) = e 2λt (λ cos µt sin µt + µ cos 2 µt − λ sin µt cos µt + µ sin 2 µt) = e 2λt (µ cos 2 µt + µ sin 2 µt) = µe 2λt (cos 2 µt + sin 2 µt)
= 0 for all −∞ < t < ∞.
Thus the real and imaginary parts are linearly independent. Hence the general solution to equation (1) has the form y(t) = e λt (c 1 cos µt + c 2 sin µt).
